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Tests  of  the  ejd-stence  of  coi-relatien  betwsien  the  movements  in  two  time 
serieSs  which  eliiiLinate  at  least  the  px±mry  effects  of  trends  in  the  series^ 

■('Jill  be  presented  in  this  article*  These  tests  ai's  modifications  and  generally 
zations  of  a  test  for  correlation  px-oposect  by  Moore  and  Wallis  f  and  of  tests 

px=oposed  by  Goodman  and  Onmfelii  [^1“  ^  esdstenco  of  trend 

in  a  time  series  also  be  pi-esonted  here*  Ihis  test  is  a  generalization  of 
a  test  for  tx'end  proposed  l/y  fox  and  Stuart  j  = 

The  tests  presented  here  can  be  applied  to  certain  kinds  of  time  sei'ies 
that  are  m-dependent*  A  tine  series  X=  is  defined  as 

m-dependent  if  are  independent  when-- 

ever  j  >  1+m  (see  [j3l  )»  For  an  iiv-dependont  time  series ^  any  two  obsexnrations 
Xj  wj.!!  be  independent  whenever  j  >  i+m«  Two  examples  of  audependent 
time  series  are  the  followings  (I)  if  the  are  Mut’JiaHy  in¬ 

dependent,  then  X  is  0-dependent;  (11)  if  X  is  a  process  of  moving  averages 
of  the  fom 

-  _  ” 

'■  ^  f  ^  ^  p 

.1«o 

whcrs  the  >  .  are  (unobserved)  nratually  indejpcndent  sandom  vax'iables  (i-^Os+ln-i-Sp,**) 
j  X 

(see  3  p  ^  ^  m-dopondont,  Cthor  exi'..mples  of  m-dependent  time 

series  cou3  d  be  pi'osented  hex'©,  but  this  will  no'i  bo  necessaj’y* 

The  earlier  papers  by  Moore  rjid  VJallis£/  '^j  Goodman  and  C-mxjfeM  1  p 
j  J  Cor  and  Stuart  [<^-]r  present  tests  that  am  be  applied  to  certain  kinds 
of  time  sex’ies  that  are  0-dependout,  (The  case  i.bers  the  sei'’ies  of  first 
differences  are  0-doper.dent  is  also  discussed  in  For  times  series  that 

are  not  O-c.ependent  but  that  are  .independent  fc-’  some  m  >  0.  these  tests  require 
modification*  The  pui’pose  of  t-he  pj-esent  paper  is  to  present  simple  modifications 
of  these  tests  that  c;.m  be  applied  to  cej’tain  k^ucs  c.f  m-dependent  (m  0)  time 
series  of  Tong  dm'ation* 
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It  is  often  the  ease  that  observed  time  series  are  not  O-dependento  The 
earlier  papers  discussed  tests  for  O^dependent  time  series  partly  because 
mathematical  results  tirere  more  readily  available  for  this  speoial  oases  ioSos 
the  case  of  mutually  independent  random  variables o  The  eaz’lier  authox’s  were 
of  course  atiare  of  the  fact  that  the  observed  time  sei’iesp  to  v?hich  tests 
appropriate  for  O-dependent  series  were  appliedj  might  actuallj/  not  be  0» 
dependento  For  exaraplOp  Cox  and  Stuart  £^2 Jn  in  discussing  their  test  for  trend„ 
point  out  that  '^positive  serial  correlation  among  the  observations  vroxild  in* 
crease  the  chance  of  a  significant  answer  even  In  the  absence  of  a  trend"; 
ic,8op  a  significant  answer  obtained  by  an  application  of  their  test  for  trend 
to  a  (serially  correlated) time  series  might  be  due  to  the  presence  of  serial 
correlation  rather  than  to  the  presence  of  a  trend.  The  modification  of  their 
test  presented  in  the  present  article  does  not  have  this  disadvantage „ 

Moore  and  Wallis  |]/VJ  point  out  that  some  of  the  techniques  presented  in 
their  paper  are  "restricted  in  scope  by  the  fact  that  in  many  time  series 
problems  neither  the  liypothesis  of  sequential  randomness  in  observations  nor 
that  of  sequential  randomness  in  the  differences  is  tenable'^,  Tho  modifications 
of  their  test  presented  hex'oin  are  not  so  restricted  in  scope „ 

In  order  tc  apply  the  tests  presented  liere,  it  is  not  necessary  to  know 
the  specific  value  of  ih  that  describes  fcho  or.ier  of  depernlonc©  of  the  observed 
time  series.  The  value  of  ra  could  bo  zero  or  any  positi%’-e  integer.  The 
magni.tude  of  m  should,  however-  bo  sma'JJL  relative  to  the  duration  of  tho 
observed  time  sorias.  The  tests  presented  here  imder  the  assurfiption  that  the 
value  of  m  is  rpccjfied  will  actually  be  suitable  oven  if  the  true  value  of 
m  is  less  than  T.hat  specified.  Thus,  even  if  there  is  doubt  concerning  the 
true  value  of  m  for  a  particular  m~dopondont  time  series,  it  will  still  be 
possib3.e  to  applj-  these  tests.  For  time  series  that  are  not  m^dependent  for 
any  value  of  m  (e,g, ,  where  X..  and  X,^  are  not  independent  for  any  i<  ,j). 


'  1 1 1 H  t ' '  ( ’  flOt  rHf>  t''  '  " 
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the  methods  presented  hei'ein  are  not  to  'oe  I’ecoimnended^ 

If  t;lme  series  X  is  mj^™d«^0ndent  and  time  series  I  is  siij^-dependentp 
ishere  and  ra^  my  hsye  different  values  ^  then  the  definition  of  m™ 
dependence  given  above  implies  that  both  series  are  /^-dependent  p  vjliere 

^-atax:  ]  „  The  tests  of  the  existence  of  correlation  between  the  move- 

ments  in  X  and  Y  presented  herein  under  the  assumption  that  both  X  and 
Y  are  m-  iejDendent  can  be  applied  by  taking  r?;  ^  „  Denoting  iTd,n  |^in.j^pin^  ]  by 
„  the  statistic  appropriate  for  testing  the  existence  of  correlation  between 
the  movements  in  X  and  Y  in  the  case  tdiere  X  and  Y  are  />^  -dependent  r 
will  converge  in  pTObability  (under  the  null  hypothesis  when  X  and  Y  are 
-depondont)  to  'f-he  statistic  appropriate  in  the  case  where  both  X  and  Y 
are^ -dependent.  The  test  statistic  appropriate  where  both  X  and  Y  are 


^  -dependent  can  be  used  (instead  of  the  tost  statistic  appropriate  when  X 
and  Y  a:.’e  ^-dependant)  even  if  the  ox'der  of  dependence  of  X  or  Y  is 
greater  v/i,any^.  Thus  the  test  presented  in  f which  was  justified  there  ir 


ths  case  '’here  both  X  and  Y  ax’s  0-dependent,  can  also  be  justified  in  the 
case  slioro  one  of  the  rwdependent  series  is  not  O-dopondent  but  the  other  one 


The  :asts  pi'esenocd  in  the  earlior  paj.-'ors  ;?r;re  cased  upon  the  signs  of 
the  •'•D  In  {_?7aTuU p  j-i'^l,  KU*,, , , . ,11;  in 

L?J  t  i=l„2, , ,, ,,n+l-k  (k  is  a  fixed  positive  integer);  tnfsSj,  o'cher 


pairs  of  i,j  were  xised  (e.g,  „  j=i+2(ni-l)/3,i=l,2„ ,  „ ,  (n+l}/3).  If  the  sign 
of  the  difference  positive,  tJien  ti'.e  "total  movement"  in  X  boti-reen 

time  i  ind  .)  is  positive,,  Most  of  the  te,sts  presented  in  the  present  paper, 
vlJi-  also  be  based  on  the  signs  of  the  diffei'onces  (i„e,p  the  .signs  of  the 
movements  in  the  time  serte,So  Moore  and  VJallis  / /'^-J  have  pointed  out  tha.t 
''i.r.  c!e:vfca;ji  types  of  data  tko  signs  of  differences  ax-o  more  accurate  than  the 
ria.gaitudc;  s  of  eithox’  the  observations  or  th-.*  difference.?  With  econoraie 
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iueasui'es  of  the  kind  for  which  index  nwiiibers  are  ordinarily  nsed,,  it  nuiy  be 
certain  that  a  change  has  been  in  a  given  direction  (ceg, p  when  all  components 
of  the  index  change  in  the  same  'Hay)„  questionable  how  much  the  change  has 
been  (because  of  ambiguities  in  the  weighting  systeia)^  and  meanin^ess  to 
state  an  absolute  standing”.  For  these  types  of  data  and  for  data  availabi.e 
orOj'-  in  ox'dinal  forrip  the  methocis  presented  herein  may  be  pai'ticularlj''  x-rell 
suitodo 


It  was  not  neoossaxy,  in  the  earlier  paper s^  to  assume  that  the  disti'ibu- 

eojfto 

tions  from  which  the  observations  had^had  a  specific  fom  (oog,  p  it  was  net 

necessary  to  assume  that  the  observations  were  noi'mal  variates)  in  ox'der  to 

derive  the  distribution  of  the  appropriate  test  s'batistieso  The  tests  presented 

ti'.ex’e  were  di3ti'ibution«»fx’ae„  It  was.  howeverp  assumed  in  these  papers  that 

the  obsor/ations  wero  mutually  iiidependent  and  that  the  distribution  from  xjhich 
«or® 

they  hed^wao  continuous.  To  derive  the  asjTrptotlc  distribution  of  the  test 
statistic!;  presented  hereitip  the  assumptions  rale  will  be  somewhat  more  gsnei’al. 

The  caI.culations  requii’od  to  pei-foria  the  t33ts  pi’esented  in  the  eai'lier 

«• 

papers  and  those  px'esented  herein  are  ratJio:'  sbnple,  hliile  the  mcdiflad  tests 
presented  here  req'uire  more  calculations  than  t'lO  earlier  testSp  these  calGU» 


lations  remain  single, 

.  .  ..  r..  .. 


Let  X= 


be  two  different  ob-^ 


serTOd  tir  e  series  of  equal  duration.  Let  -'a 

i^l.kp  , „  We  shall  for  convenience  assurae  that  the  Wj,  and  Z.  have  eon.. 

.C  J, 

tinuou.s-  distributions.  Let  U.,=l  if  >  0.  and  U^=0  if  W^  <  0«  Let 

if  2^>  C’t  and  '^^-0  if  0,  If  then  a  positive  movement 

lua  X  occori'od  between  tljnes  i  and  i-i-1;  if  '^hen  a  positive  moveu-ent 

in  Y  ocrarred  between  times  i  and  i-il;  if  then  a  positive  co» 

movement  ceciUTod;  if  lJ^=V.,=C*p  then  a  negative  comovement  oocuived;  if 
V.;f  or  If  U.-lp  l^-'-'Or  then  a  oontramavement  icok  place,  (The  tsnn  "comovement'; 
v'sod  here  is  adopted  from  earlier  work  by  F.riedii'an|  Jo  It  wa.s  al.so  u.sed  ty 


Gnmfeljd  in  <2 Jo  The  term  '"contrameveiaent'*  is  adopted  from  Goodmaji  and 

G'i^ifeld  o )  The  obssjri'ed  di.stribution  of  the  n  pairs  (U^  i,V^) 

(foi'  1=152,000 on)  can  be  sumtoarizod  in  the  folloiHlng  2.7i2  cross  classifica¬ 
tion  tables 


Tlie  number  of  positive  comoveiuents  in  the  two  t:‘,n9  sei’ies  is  a;  the  number  of 
negative  comovemonts  is  ds  the  number  of  comovoments  is  a-Hd;  the  number  of 
contramovements  is  b+e;  the  number  of  positive  aovoments  in  X  is  a+b;  the 
number  of  positive  movements  in  X  is  a+Co 

The  usual  test  of  ;bidepondenoe  in  a  2x2.  cross  olassi.l'i cation  table  (see 
9■>g''p£^7_■  r  pp.  65=72)  corresponds  to  a  test  of  t-jliether  a  differvS  significantly 
from  its  estimated  espected  value^  A=:(a+b)(a+c)/np  raider  the  nttll  hypothesis 
of  indepencence ,  It  tests  v^hethoi.'  a-A=  A  differs  si gnj.fi oantly  from  aero 
usiiig  tho  fact  that  the  e.stiwated  variance  of  is  s'=  |(a-!b)(c-td)Ca-fG)(btd)/r.^J 
under  the  null  hypothesiso  Moors  and  Walli.s|_/4l  have  suggested  that  the  usual 
2x2  table  test  applied  to  the  table  given  above  could  be  used  as  a  tost  of  the 
existence  of  correlaj-j-on  between  the  movements  :-.ti  X  and  Y,  whicl:i  would 
el3jid.nate  at  least  the  primaxy  effects  of  trends  in  the  series,.  They  pointed 
out  that  ohis  test  is  appropriate  "for  the  case  of  randomJy  arranged  |^signs  of 
the  I  fix's!  differences"  in  X  and  jji  X,  In  tlie  case  where  X  and  X  ax'e 
purely  rardom  pi’ocesses  (ij,e,,  C-dependent  stati’.omxy  time  sori©.s),.  they  noted 
tl  at  the  signs  of  the  fi.rEt  differences  in  the  series  woixld  have  a 
negative  serial  correlationt  and  that  if  the  2x'>l  table  test„  vihich  was  justi¬ 
fied  Ixy  them  vjher,  the  signs  of  the  first  diffex’oncos  are  randomly  aiTanged. 
leads  to  cceptanoe  of  the  hypothe.sis  that  cori\'3'J.ation  i.s  absent,  then  it 
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sui’ely  vroiild  lead  to  acceptance  of  this  hypothesis  if  the  ”null  hypothesis  of 
random  observations  were  used;  but  nothing  more  can  be  .sa3.d  definitely  until, 
the  sanpling  distribution  f  of  |  appi’opriate  to  the  assumption  of  random  observa¬ 
tions  is  knovnio”  The  problem  .raised  in|'l4j  derivation  by  Goodmati 

and  GnmfeM  of  the  sampling  distribution  of  A  for  piu’ely  .random  p.roc©sses 
of  long  d'oration  and  also  for  a  certain  kind  of  generalization  of  such  time 
series,  (They  showed  in  that  the  usual  e‘?t5mate,  of  the  ’/ariance  of 
A  required  modifieaticr.o )  For  these  time  series „  a  simple  test  of  whether 
(V.t'fered  significantly  from  zero  was  obtainad„ 

The  test  proposed  In  [^J  is  appropriate  when  the  X  and  I  are  O-dependent 
and  the  series  U=  <[1^  jUgp.  and  "^^*2^°°“'’ '^n|  ©i*©  stationary.  For 

such  liime  series ^  this  test  is  a  test  of  the  existence  of  correlation  betvreen 
the  movements  in  X  and  Y  that  takes  into  account  (a)  the  time  trends  that 
may  exist  in  X  and  in  and  (b)  the  serial  correlation  between  tho  signs 
of  the  first  dif-ferences  of  0-dq:)erid63it  time  series,  (The  Hoore~Wallis  test 
takes  into  account  (a)  but  not  (b),  and  a  related  test  by  Stuart takes 
into  account  (b)  but  not  (a),)  Wicji  X  and  Y  arc  rii^dependent  (m  >  0)„  the 
test  in l^Jj  does  not  f.^lly  talce  into  account  rha  serial  correlation  betT^een 
the  signs  of  the  firs';  difforence.s.  The  test  prosented  herein  will  talce  into 
account  both  (a)  and  the  serial  correlation  bet  ween  the  signs  of  the  first 


differences  of  it^dependent  time  sei’ies. 

Tests  of  tho  ?.x3.st0nce  of  correlation  br.tw.-;:?:n  t'ue  r.ovenants  in  X  and  Y 
based  on  cempara  tho  observed  number,,  a,  of  positive  comc-vements ,,  g.iveri 


ill  the  abc-va  ?.:(2  table,  wi.th  its  a.stiT!jated  ospected  valuOp  A 
bypothosis  of  .Independence  is  tru.s.,  Since  A  1,3  based  on 
(aH-c}/n  ;  rhich  ar-e  measu-rs.o  of  an  aspect  of  th;  '’trend*'  in 


,  when  the  mdi. 
(aib)/n  and 
A  and  in  Y, 


spectlvely,  tests  based  on  A  tost  whether 


th5  obfioived  number  o.f  positive 


cemo^^emen:. 


?,n  be  "e.vplainod”  by  t.he  trenuf!  in  .X  juid  in  1  alonoc  If  '::e 
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dejiote  tho  estimtod  ejgpscted  values  o.f  b»C(,d9  in  the  above  2.->c2  table^  by 
i3s(a4-b)(b-i-d)/rip  0=(a*i-c)(c*Hd)/ni,  D«(c-i-d)(b-}-d)/nB  respsctivolyi,  we  see  that 
a»A~-d~D=-.:B»b«C»c.-  ^(a‘i'd)-(Atli^  /ii=  r(B-i-C)~(b-h))J /2=  |^^(a+d)~(b+c)J 
-  |^(atb)».(c+d)  J  ^(a'!-c)«(Vd)J /n^/i»«(ad-.bc)/no  ThuSj,  a  test  of  whether  A. 
differs  signifioantn.y  from  zero  is  a!l.so  a  test  of  whether  the  number  of  co»> 
movements  (a+d),)  the  number  of  contramovements  (b+c)^  the  difference  between 
the  number  of  comovemonts  and  contrainoveraents  (fa+d"]..  fb+cj  )„  diffex*  fi'om 
theii’  respective  estimated  expected  va3.ues„  It.  is  a  test  of  Ddietber  the 
observed  values  of  (a+d)^  (btc),,  [b+cj  )  can  be  ^explained"  ty  the 

trends  1j:i  X  and  in  Y  aloixoo 

The  statistic  A/n  is  the  obsorved  covara.ance  tetween  and  V,  o 
Foa'  certain  types  of  data^  of  the  kind  x'eferx*ec.  to  in  |^l43(,  where  the 
(and  V^)  are  mol’s  accurate  than  the  (and  Z^),  tests  based  on  the  observed 
covariance  betwen  U.  and  V,  ai’e  to  be  TirQferi’ed  to  tests  based  on  the 
obsorved  covai’iance  between  W.j  and  The  methods  used  hero  to  obtain  a 

test  based  on  the  obsex’ved.  covaiianoe  between  and  can  be  modified  in 
a  sti’aightforward  fashion  in  order  to  obtain  a  s:lmJ.lar  test  based  on  thb 
observed  covai-iance  between  and  The  latter  test  will  3J.S0  be  pre» 

sented  here,,  Tests  based  on  the  x’ank  covariance  (or  the  ranit  correlation) 
between  iind  could  also  be  obtained,  Vflxich  test  should  be  used  i.n 
a  paidiiculax'  ;3i.tuation  will  depend  upon  the  type  of  data  available  c  on  the 
accurancgr  of  tho  and  as  compared  with  the  and  and  on  the 
parti ciJj.ar  null  and  a^-tex'nato  hypotheses  undex'  consideration.  For  e3cainp3.0f  if 
the  VJ.  and  Z.  form  O-dspeMont  stationary  noivnal  seid-as^  the  usual,  test 
of  the  null  bypothes:i.s  that  the  correlation  bei-ween  twro  normal  variates  is 
zero  should  be  applied  to  the  (VJ.^aZ^}  (see,  <icgnc  i.^J  )o  In  some  situations,, 
tests  based  on  the  ranlc  correXatioii  between  the  and  will  recommend 
thfsmselves  (see,  ejg,,„  related  I’emarks  In  );  in.  other  kinds  of  sittiaiionsp 

discrassc"''  earlier  boj.'ednr  tests  based  on  tho  will  b©  mox’e  appropidate 
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Under  the  mJl  hypothesis  that  the  and  (or  the  and  Z^) 
are  independents  the  covariance  between  and  (or  between  and  Z.^) 
wild,  be  aeroo  It  will  sometimes  be  of  interest  to  test  the  null  hypothesis  that 
this  covai'iance  is  some  specified  value  other  than  xero®  For  certain  kinds  of 
m«dep0ndent  time  series j  methods  of  testing  such  hypotheses ^  of  estimating  the 
magnitude  of  this  covariance  (ioao,.  the  oovariancs  bstvreen  and  V.^  or 
that  between  and  Z^)a  and  of  obtaining  confidence  intervals  for  this  eo-- 
variance^  will  be  presented  in  this  articXe„  Ihose  methods  requix’e  raore  com™ 
putation  than  the  methods  i-eferred  to  earlier  liereino 

The  and  (or  the  and  Z.^)  ax’e  based  on  the  differences 
and  foit*  j-i'lio  In  other  words  j  movement  is  here  defined  in 

temiH  of  the  difference  in  the  tirae  series  at  successive  time  pointSo  The 
results  obtained  in  this  case  can  be  generalized  to  the  case  where  movement  is 
defined  in  terms  of  the  diffemico  in  the  time  series  at  time  points  k  units 
apart,  v^ere  k  is  a  fljosd  positive  integer.  These  generalizations  are  pre¬ 
sented  in  Section  3  hereino 

The  methods  used  to  derive  tests  of  the  e:!d.stence  of  correlation  between 
the  movements  in  in~dopandent  time  series  can  al.so  bo  used  to  derive  tests  of 
the  0jd.st«nce  of  trend  in  such  series.  We  px’osent  such  a  test  in  Section 
OUxer  tests  for  trend  could  also  be  reacLlly  derived.. 

Most  of  the  tests  presented  here  are  based  on  a  dichotomous  classificjation 
of  the  movements  in  X  (and  in  X)  indicating  wtiother  they  were  positive  or 
negative,,  Some  of  the  results  presented  hereixi  can  be  modified  in  a  sti’aight,. 
forward  .fashion  for  situations  where  other  fjosjd  methods  of  classification,  into 
■U-io  or  more  classes  based  on  the  magnitude  of  ihe  movements,  are  used.  The 
cr!.i.3s  clr.Ksi.fication  table  dsscx’ibijig  the  joini;  distribution  of  the  elassified 
mnoveinent,":  in  X  and  in  Y  can  bo  analyzed  :bi  ways  other  than  those  discussed 
nore,  Fcr  eja-mpis,  the  problom  of  measaz’ing  the  ejdent  of  the  correlation  be,*, 
th.^  movements  in  X  and  I  caxx  be  ccnsidei’ed,  in  part,  a  probl,om  In  ths 


-k.  I  » I '  I  > '  i  •  "  "  ■  ■ ' 


measurement  of  association  for  this  cross  c3.ass3,fication  tab].®.  For  a  discus- 
Sion  of  the  latter  problems  see  and.  the  literatm*®  cited  theroo  The 
particular  method  o.f  anaJ.ysis  that  will  be  appropriate  mil.  depend  on  tlie  pui*- 
pose  of  the  particular  invostigation  at  hand. 

2^  'PBSTS  BASBD  ON  a«A 


We  shall  use  the  same  notation  as  in  the  preceding  section^  We  assume 
throughout  that  X  and  I  ai'e  m-dependent  (m  >0)o  Thus*  U" 
and  V"  t''^26ooorV^^^  are  (m+l)~d©pendontc  Foi'  sinplicity  we  assume  also 
that  U  and  V  are  stationary.  (This  assumption  impli.es  that  trends  in  X 
and  Y  wi.!!  be,  in  a  certain  sensot  either  constant  or  noaexlstenti  some  of 
the  results  presented  here  will  hold  under  more  general  conditions ^  but  "ne 
shaiLl  not  go  into  those  details  in  the  presori.  paper  (see  ^(3"j)»)  For  such 
sorieso  we  shall  now  present  a  test  of  the  liypo'thesis  that  U  and  V  are 
ind^endanto 

Since  the  W  and  V  series  ax’e  (m-;’l)-dep9ndentp  we  know  that  the 

eov  {^’i''\+t}  "  ^  ^ 

To  estimate  €.j.  and  for  t  we  ;ri-rst  compute 

n^»t 

^  t=ls2,...„nba,  Kie  statisiiic  is  the  observed  nurabex’  of 

paii’s  of  time  points,  t  units  apartc  whore  there  were  positive  movements  in 
X  (at  both  timie  points  iui  the  pair);  hj.  is  tlie  observed  number  of  pairs  o.f 
tijT.e  points,  t  units  apart,  where  there  xmre  positive  movements  in  I.>  These 
quantities  can  a.l.so  be  obtained  fi’cm  2j^2  tabi9.s  of  the  .foin.ow3.ng  .foiva  descx'ibing 
ti’.e  obserred  distribution  of  the  (n~t)  pairs  and  for 


i— 1  j  2 ,  o  o  o  I  n*=’  t 


ii-t 
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The  entry  in  the  vippsr».3.eft  cell  of  the  first  table  wi-ll  be  and  the  entry 
in  the  cojTosponding  cell  of  the  second  table  '5^111  be  h.j^o  (It  is  interesting 
to  note  that  the  xisuaj.  ?.yS.  table  test  of  independence  applied  to  the  pairs 
and  to  the  pairs  been  suggested  as  a  test  of  the 

hypothesis  of  randomness  in  the  U  series  and  in  the  V  series^  raspeotiyeLfy; 


I .  „  the  hypotliosis  that  these  series  are  0-de;pendeiit  tsee 


J' 


)o) 


Having  Goranted  and  „  the  fol3.oMlng  consistent  estiinators  of  and 
(p  j.  are  obtained; 


-A. 


(2,i) 

and 
{c  o’) 

V  iM  u  *4  y 

Writing 

(2o3) 

and 


/  •r.-t)-  ^  t. 


3^=(a+b)  vctri)  (a+o)(b"hi)/n^ 

•v2  ^ 

s  eg  •f2n  £  £ 

t=l 


t 


w©  shall  ].)rove  in  the  Appendix  that,-  wticn  U  and  V  are  independentr,  the 
asyiiptotic  distribution  (n-'-^w)  of 

Ca»A)/s" 

vh,.L3.  be  noi'tnal  vdth  zero  mean  and  unit  vTirianco,  '.tho  statistic  (<2„5)  nan 

therefore  he  used,  xo  xost  '.vhether  U  and  V  a.x’0  independent,. 

The  teat  pixiposed  in  |Jh''|ra-d  not  include  the  term  2r  j:.  (p 

2  '7^0 

in  the  va'ri.ance  coyTiiroationv  i.e-,,  s  xias  used  rather  than  o'^o  Tho  test  pro.* 


po&ad  in 9  J  included,  the  tern  but  not  2n  ' 

If  v,lrriO  sox't.ee  X.  is  *p-j -dependono  arA  VXm  series  Y  is  :iT’vpo»dapondo;iti 
then  €,.,^0  .for  t  >■  Ui^+l ,  for  t  >  m.,+1;,  t>^>&'-:d.  , 

uhsre  xidn  ;  nujri,,  ■ It  follox-i.s  .from  this  tixat  (ZJ'f)  can  b©  x'Qplaced  by 


nrKl. 
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(aq6}  s  s  S  ® 

in  the  computation  of  (2»5)o  In  particu3^rc  toats  appx'oprtate  for  the  case 
whOi’s  S  and  Y  ax’s  O^dspenrient  will  be  appropriate  also  for  the  case  'where 
one  of  these  av--.dsp0ndent  series  is  not  O-dependent  and  the  other  one  iSo  It 
can  also  he  seen  that  the  test  approprtate  for  the  case  where  both  U  and  V 
are  0»d^endent  (obtained,  by  replacing  s  by  s")  wi'JLl  be  appropriate  also 
for  the  case  wliere  ono  of  these  Bv-dependent  scries  is  not  O-dojiandont  and  the 


other  one  iSo 

If  X  is  s!j..«d©p0ndBnt  and  Y  is  nig^-depcn fonts  then  X  and  I  are 

itt-dependent  where  »  In  what  follows  tro  take  irpmax  j  » 

The  test  desci'‘ibed  above  -wa-s  based  on  the  Ih  and  V^.  A  simf.lar  test 
could  bo  based  on  the  and  Assuming  that 

Z»  form  stationary  series,  the  covariances  ^^i®'^i'<-fc|” '^t 


and  cov^Z^.Z^^ 


it 


can  be  estimated  consistently  by 


(2,7) 

€!^  »  g^/(n“t)~W^  , 

(2o8) 

$l  =  h*/(n-t)»f-  , 

tfhere 

Ja***  1 

g?  =  £  W  W  8  h|  =  2 

1=1  ^  ^  i«=: 

^=182,0 

V^ritlng 

(2o9) 

sg  r.  1  (W  ..W)^/(na) 
i=l 

(2.10) 

sf  =  2  {Z.Jifl{rx..X) 
^  i=l 

(2oll) 

,.2  2  2 
s*  =  SySj,n  , 

(ZM2) 

,,  m+1  A-  ^  j 

t=l  ■"  ^ 

S  Z./n  p  for 
i~l 


xt  follot-cs  froiiJ  the  results  in  lha  Appendix  thstp  'when  Vs  and  Z  are 


a.«^o 


independent  the  asyinptotic  distribution  (n-'^oo)  of 
n 

(2ol3)  (  S  W  Z  -,nWZ)/^« 

;l=l 

■will  be  normal  wi'bli  zero  mean  and  mait  varianceo  (To  apply  the  Hoeffding~ 
Robbins  form  of  the  central  ljjni.t  theorem  |^j  3  Js  we  assume  here  that  the  third 
absolute  moments  of  and  Z.^  are  finite^)  The  statistic  (2»13)  can  there* 
fore  be  used  to  test  whether  W  and  Z  aro  indopendent.  As  earlier  herein^ 
the  s'batistic  (2,12)  can  be  replaced  by 


in  the  computation  of  (2,13), 

The  preceding  asjToptotic  results  were  derived  under  the  null  hypothesis 
that  W  and  Z  (or  U  axid  V)  ware  independent.  We  shall  now  consider  the 
case  v^ara  W  and  Z  need  not  be  independent.  Let  denote  the  oovaid-ance 
between  and  Z^,  Under  the  null  hypothesis  considex’ed  in  the  preceding 
paragraph.  9*=0,  We  shall  assume  that  the  foi’m  an  (m'i-l)-depende»nt 

s-ta-fcionar:/  series;  this  will  foHow  as  a  consequence,  in  the  case  -where  V/ 
and  Z  are  independentp  of  the  fact  that  the  >J  and  Z  aro  (m-'-l)-.d0pGndont 
sta'bionar/  series.  The  statistic 
n  ^ 

(2,15)  G-i"  =:  S  Vl.Zjn.MZ  , 
i~l  ^  " 

is  a  consistent  estiti-ator  of  6^,  Wri-ting 


Ki.  "  ^ 


n-t 


(2.16) 

for  t"0  f  1 8  2  p . , ,  p  rrd'l  ^  and 

(2.17) 


2  ! 
-  n  '! 


+g  s 


o 


t=:l 


I, 


I't'.  folloKc  frc'm  the  rosvilts  in  the  Appexid3.x.  that  the  asyr/ptotlc  d-lsti'*ibution 


■will  b0  normal  with  kqi’o  mean  and  unit  variancao  The  statistic  (2,18)  can 
therefore  be  used  '  >  obtain  approsdinate  confidence  intervals  for  6^  atsi  to 
test  -idle  hjipothesis  that  is  some  specified  value;,  sayo  Waen  the  nul3. 

hypothesis  is  that  and  are  independent,  then  6^^-~0  and  the  value  of 
can  bo  replaced  fcy 

Let  B  denote  the  covaxnlanc®  between  and  V^o  A  method  analogous 
to  that  presented  in  the  preceding  paragraph  coui.d  bo  used  to’estimto  e„ 
obtain  appi’OJdmte  confidence  intervals  for  and  test  hj-pothesis  concerning 
@o  The  details  are  given  in  the  Appendijc  herelno  VJhen  the  null  liypothesis 
is  tliat  O=!0o  the  test  presented  at  the  beginning  of  this  section  wU.l  be 
siraipler  to  apply  than  will,  the  test  cox-i’esponding  to  the  on©  presented  in  the 
preceding  paragraph., 

3,  'fFilSTS  BASED  ON 


We  now  present  a  genex'alisKition  of  the  tests  described  in  the  preceding 

sectiono  It  is  also  a  generalization  of  the  tests  desci'ibed  by  GoodBum  in|  l 

Let  ^i-rk^^i^^ik  i~l,2po„o,n+l«k,  tdaoi’e  k  is 

a  fi3ied  integero  Wo  shaU.  for  convenience  assume  that  the  and  have 

continuous  distributions,  L-et  U..,  <1  If  W  >  0,  and  U,,=0  if  W.,  <0, 

ale  iic  ik  ilc 

Let  if  Z..  >  Oo  and  V.,=l  if  Z,,  <  0,  The  observed  distribution  of 

the  n+l-k  pairs  for  i~l„2;,„,,,n+1.4!-.„  can  bo  surttmarized  in  the 

folloi'iinK  2ji2  cross  classifxoatj-Oi'ii  lUtbloi 


'V 


V  'fjtt- 

JJi. 


U 


ik  , 

"vj 

1  T 


:x 


3%  » 

K  I 

-i- 


-r-H 

O,. 


0 


For  ksslj,  k^  1  the  definitions  of 

are  analogous  to  those  of  a<,b„CBd„  where  notf  «»iaoveMient'’  is  defined  hy  consider- 
ing  pairs  of  time  points  k  units  apart^  x'ather  than  pairs  of  sucoessive  time 
points o 

A  test  of  the  existence  of  correlation  between  movements  in  X,  and 
Which  elinuinates  at  least  the  primary  effects  of  trends  in  the  series j,  can  be 
based  upon  a  modification  of  the  usual,  test  of  independence  in  a  2x2  table 
aopliod  to  the  table  given  aboveo  This  would  test  whether  differs  signifi. 
cantly  from  its  estimated  expected  value c  A|^“(aj^'i-bj^)Caj^tCjp/(n-!-l<»k)j  under 
the  mnll  hypothesis  of  independence^ 


Let  'I  8  ° 


Wick]  ^yik-'f; 


■) 

2k®““‘’‘'Vn»k„kl'' 


Assum- 


ing  that  X  and  Y  are  m-dependentp  then  and  will  be  (m*5-k)- 


dependentn  Foi'  simplicity  we  also  assume  that  U 
ntl-k-t  n+1-k-.t 


(k)  udO 


Let  ^ik^i+t.k'  ^‘tk  Vi+t.8k 


and  T 
Writing 


are  stationary 


(3.1)  €  y  »g^(^/(n-*a~k^t)..  “ 

(3..2)  [(Sk!Oj^)/n]  ^  „ 


(3.3) 

(3..^) 


„  ^  m+k  --.c  ^ 


/t-  .  '  * 

we  shall  prove  in  the  Appendix  that,  xdien  and  V^''  "  are  independent, 

the  asymptotic  distribution  (n™@>co)  of 


(3.3) 


S,. 


is  noiTiial  with  zero  mean  and  unit  variance,  Xho  statistic  'x3«5)  can  therefore 


(k)  ,. 


nd  V 


be  used  to  test  whether  U 


are  independent. 


Itie  test  proposed  in  was  also  based  on  the  that  test  wsis 

derived  xinder  the  assumption  that  i»=0i>  In  this  special  casoi,  the  seriaJ. 

covariance^  g  between  U.,  and  U.  ..  .  is  zero  for  t  <,  k;  the  serial 

tk  XlC  x-i-c,K 

covariance^  between  and  is  zero  for  t<  k„  Thusg  when 

rflf=0g  the  variance  formula  (3o^)  oan  be  I'eplaced  by 

(3.6)  " 

which  corn^sponds  to  the  variance  fonmjla  given  in£_83  » 

The  test  in  Section  2^  based  on  the  -s  spaoial  case  of  the  test 

given  in  the  present  section  based  on  Similarly^  a  test  analogous 

to  the  one  based  on  could  be  presentedc  based  on  the  ^^ik®^’ik^ 

rather  than  on  the  5  t'^tiich  would  be  a  direct  generalization  of  the 

test  in  Section  2  based  on  the  (W^eZ^)„  Writing  0j,(or  6^)  fox-  the  covariance 
between  and  V,^  (or  between  and  a  test  analogous  to  the 

test  in  Section  Z  of  wtiethex'  6  (or  e*)  is  equal  to  some  specified  value  (not 

necessarily  aero)  could  also  be  obtained^  These  tests  are  given  in  the  Appendix 

herein. 

The  tests  proposed  in  this  and  the« preceding  section  were  bassdg  in  partg 
on  the  obsex’ved  distribution  of  the  n+lo.k  pairs  (U..  1=1525 g.^sn-J-l-k,  ox' 

oix  the  paii-5  ‘xuen  k  is  a  fixed  positive  integer.  Considering  all 

possible  values  of  kg  there  ai'o  a  total  of  n(n-«-l)/2  pairs 
observed  distribution  of  these  n(n-5-l)/2  pairs  <san  be  svumtiarized  in 

a  2x2  tables  the  usual  raeasiu'-o  of  association  computed  for  this  table  will  be 
equal  to  the  partial  ranlc  correlation  coefficient  ^  |  between  X  and  I 

with  ”111116  T  held  constant*'  (see  ip]ef9]).  The  situation  considered  hai*e 
iS;.  in  a  senses  a  special  case  of  the  usual  situation  where  partial  rank 
ooxTslation  maj-  bo  of  interest;  here  the  actual  observations  on  the  variable 
to  be  ”held  constant” „  T„  are  the  integers  li,2„„,gsn+l  (or  a  linear  transforma¬ 
tion  of  than  ),  The  tests  of  tho  axistancc  of  correlation  (based  on  the  U.., 
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presented  in  the  present  paper  ai’e  tests  based  on  modified  partial  ranlc  correla» 
tion  coefficients  vrtiere  the  (n-^-l~k)  pairs  of  rather  than 

the  total  n(n•^l)/2  pairso  Ttiis  follows  from  the  fact  that  a  test  of  vjhether 
^k*'\  differs  significantly  from  jsero  i.s  also  a  test  of  whether  the  usual 
measiu’e  of  association  for  the  oori'esponding  2x2  table  differs  significantly 
fiX'Bi  Kero  (see 


IK  A  TEST  FOR  TRiiMP 

For  a  0™<iependent  time  serieSf  Cox  and  Stuart  jT:^  have  presented  a  very 
simple  test  for  trend  that  has  rather  hi^  asymptotic  relative  effioiencsr 
against  the  alternative  hypothesis  that  the  series  consists  of  O-dependent 
nonaal  variates  having  a  linear  trendy  For  m-dependent  time  series  (m  >  0)t 
this  test  requires  modification,  A  modified  test  for  trend  suitable  for 
IB-dependent  time  series  will  be  presented  hex'e.  The  method  used  to  derive  this 
tosb  is  similar  to  that  used  to  dex'ive  the  tests  presented  in  the  preceding 
sections.  This  method  can  be  ussd  to  derive  other  tests  for  trend.  Presenta¬ 
tion  herein  of  the  modification  of  the  Cox-i3tuart  tost  make  clear  how 
other  tests  for  O-dependent  series  can  bo  modified  in  order  to  obtain  tests 
for  trend  in  time  series  that  are  m-dependciit. 

Let  u”-l  if  >  0  ,  and  u"-0  if  ^2n«+i^^i  ®  ^ 

i==l52i,  „  „  „  ,jn“  0  n«s=(n+l)/3»  whex’e  (n-;-l)  is  divisible  by  3o  (We  assvaao  that 

has  a  continuous  distribution, )  Tlie  test  proposed  in  f^Jis  based 

5  n'  5 

on  the  fact  that  U’-  2  U.  will  have  a  binoirdal  distribution  id-th  mean  n''/2 
"  i~l  ^ 

and  vaxlanoe  n'/^  when  X  is  a  O-dependent  stationary  time  sex-ies,  A 
simple  sign  test  of  whether  U,  differs  signifi.caritj.y  from  vJ  fZ  oan  sejrvQ 
as  a  test  for  trend  in  X  (see(,S.J  )„  Hhen  X  is  O-dcpsndent  arxi  stationary, 
the  asymptotio  distribution  of 

(d'  >.  rv/2)/|/n»/4 


17 


is  normal  with  zero  mean  and  unit  vari.an«eo  This  fact  also  provides  uj?  with  a 
siinple  test  for  trend  for  O^dependent  seri.eSo 

If  X  is  m-dependents  the  time  series  u”- /u*  ^  o  o » 1-  vAll  also  be 

L.  J-  ■  Ci'ji 

m-dependent  (fox'  n«£3n)o  If  the  X  series  is  statrionaryo  the  1)  sQX'ies  will 
also  be  statiosiaryt,  Wx'iti.ng 


n’-t 


e.2) 


in 


(^0.3)  Sy  ==  n''  |2  £  .f^/(n»»t)-(2ll^.l)//^ 

‘  t=l  ^ 


we  find,  using  a  method  of  derivation  similar  to  that  used  in  the  Appsnd3.Xc 
that  vflien  X  i.s  an  m-dependent  statlonaiy  series  the  asymptotic  distx’ibution 
(n™^)  of 


(/tc4)  (U®^  ~  n«/2)/Sy 

is  normal  with  sero  mean  and  tinit  variance^  The  .statistic  (4c4)  can  therefore 
be  used  to  test  for  tx’erid  in  X,  This  tast  is  a  modification  of  the  sign  test 
in  j'2[j  where  the  vaxd.anc;9  n''/4  is  now  replaced  by  (4o3)"  ^hess  n*-’  Is  largSp 

IB  j^i~ra 

the  tsM  2  f.f./(B*’<=’t)  isj  {Jxt)3)  ■ssb  bs  replxiced  2^„„,  ©^/(sx '*•»©)  ,,  where 

»  i“X 

is  the  ssumbar  of  values  of  J  sixeh  that  “  3,  fee*  i  •<  J  <  i  t  m  when 

?  0 

1  a  nsixd  “  0  Mh<»*x  -  0 
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APPENDIX 

We  shall  prove  herej^somealiat  mors  generaly^than  those  presented  in  Sections 
2  and  3  herein*  The  results  presented  5.n  those  sections  will  then  be  viewed 
in  terms  of  this  more  general  result*  W©  shall  us©  here  the  terminology  of 
Section  3o  The  method  of  proof  presented  here  can  also  bo  used  to  prove  the 
result  presented  in  Section 

We  assume  that  X  and  Y  ar*©  w^dependent*  Thus;,  and  are 

(iTi-i‘k)-d©pend©nt«  Wo  al-so  assume  that  and  are  stationaryo  Let 

®  Wi'iting  » 

"u"''ik-'’k-  >'ik““ik"ik  •  '’urVik*  ™ 
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(A.l)  Q»uf«:FJSl  , 

^  _  _  __ 

itihere  Q-  S  Q  /(n'J-l~k)s  and  UtVjFoG^H  are  defined  similarly.,  (Since  k 
ik 

is  filsBdii  we  shall  for  the  saJke  of  brevity  omit  the  subscript  k  associated 

ttm  eau  w  . 

with  Q(,lh.Vt,  etc»)  We  shall  assume  that  the  also  form  an  (mik)«.dependent 

stationary'  series?  this  w'lll  follow  as  a  consequencec  in  the  case  idiei’e  U.. 

xK 

and  are  independento  of  the  fact  that  and  are  (in-{'k)«> 

dependent  and  stationary „  Let  B  ®6  »  Applying  the  Hoeffding.»Robbins 

form  of  the  central  liinit  theorem  |^133ii  we  find  that  the  asymptotic  distribution 
of  (F  »  @)  |/ni+l«.k  is  normal  with  aero  mean  and  variance 

<A.2)  ' 

Similarly'  the  asyrmptotic  distribution  of  G  {/n+l«k  is  normal  with  aero  mean 
and  variance 


CA.3) 


the  asymptotic  distribxition  of  H  \fn5l~k  is  normal  -irt-th  zero  mean  and  varj.ancQ 


(A.4) 


Since  G  converges  in  probability  to  3ero„  G  H  Vn+l-k  will  also  converge  in 
probability  to  zero  (see  |^3jo  Po^S^i-),,  Thuso  the  asymptotic  distribution  of 
(F».GH<.@}/~n’Kl«.k  is  a.lso  the  asymptotic  distribution  of  (P«8)'i/'”n-M«k  o  We  have 
therefore  shown  that  the  asymptotic  distributlcn  of  (Q-UV-.9)  ntl»k  is  normal 
■with  mean  zex’o  and  variance  (Ar.2)c.  Writing 


(A.  5)  e  -  Q-w 


n+l-k-t 


lulliLili  ih.lifiliillJniL/.lliililJlllilliillill/  ilIiIJimjL  :L. 
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tve  see  that  (A®  2)  can  be  estimated  consistentljr  by 

b=l 


m-Jic 

(A.7)  +  ?  E  (}»,  . 


Vi.4^i*wXi  WO  vlOAlWi/va  O  f  \,a& •  O  aa^mOq  u{iv>  XQ^  u^C*  L4.»i«0  i^A.  J.k^l4vJLv/Xl  \/J- 


(A<,8)  rQ-UV»«3  («+l“k)/s 


w3J.l  be  norriial  viith  asvo  mean  and  unit  variance »  A  test  of  the  hypothesis  that 
6  is  eqixal  to  some  specified  val\ie  0^  can  be  based  on  the  asymptotic  dis=. 
tri.bution  of  (A„8)<,' 

The  preceding  results  did  not  make  use  of  the  fact  that  and  V.^ 

talee  on  only  the  values  0  or  lo  The  results  will  therefoi-e  apf)ly  as  wells  if 
said  Vjj^  are  replaced  by  and  respectively «  (It  i-ril.1  be 

necessai'y  to  assume  that  the  third  moments  of  and  Z^  are  finite  in 

orc^er  to  apply  the  Hoeffding-Robbiais  theorem  [l3j®)  We  thus  have  obtai.ned  a 
genei'alization  of  tlie  ingsult  in  Section  2  concerning  the  asymptotic  distribution 
of  (2,18),  The  result  presented  there  was  for  the  special  case  where  k-i 

Oc)  -,,(5^) 


Wlien  U'*'''  and  V 
can  be  replaced  by 


are  independent,  then  @2*0,  and  the  variance  (A,  2) 


(A,  9) 


ra’Jk 


^  ^  4]  ^  f  ik5  &  A^t,kl  {■ 


(It  shouj.d  bo  mentioned  that  formula  (A, 9)  is  similar  to,  but  different  from, 
the  usual  for)infi.a  for  the  variance  of  the  obseirved  correlation  between  two 

A-1 


independent  linear  autoregressive  series  (see,  «  |.ljyi.9j,|l6j)»)  Writing 

A. 

(A,10)  -  g^j^/(n+l«k«t)^Tf  P 

(A.  11)  -  h^j^/(n+i»k-t)«Tf'  , 


(A.12)  Sy=  E  (b“  .-U)''/(n+l..k), 
i-1. 


2  o 

(A„13)  Sy  =  (V^^-V)7(n+l^k), 

we  ses  that  (Ao9)  can  b©  estiinated  consistentHy  by 


('fl  -I  a.', 

ww  I  ' 


2  ^  p  +  .4  + 

■'U7  7„.,  ^tk  ^  tk  •’ 

W“J* 


vjliioh  denote  by  Kmsj  i^hen  and  are  independentc 

th©  asjni5)totic  distribution  of 

I 

(Aol5)  (Q™W)<n+l»k)/s  ' 

will  be  asysi^jtotical^  nox’nsal  with  koi’o  moan  a«i3  -unit  variance »  This  1‘esult 
r-ri.ll  also  apply  as  wsIIb  if  and  are  replaced  by  and 

respectivelyo  We  thus  have  obtained  a  gonei'alization  o,f  the  I'esiiLt  in  Section 
2  conoGming  the  asyrtpiotic  distribution  of  (2ol3)o 

Using  the  fact  that  and  were  defined  in  Section  3  to  take  on 

oj-ily  the  values  0  or  Ij  we  see  that  Q-liV  (aj^,Aj^)/(n+l«.k)r,  and  that  the 
asynptotio  dist.r’ibution  of 

(Ao16)  (aj^-wAj^)/  Sj^  p 

,  . 

where  Sj^  is  given  by  (.3o^?8  is  nonaal  with  serc’  mean  and  unit  varia.ncea 
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